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Abstract

We consider a model for a firm whose reserve X; evolves according to
dXt = /Ldt + O'th — dZt, (1)

where W = (W;)s>0 is a standard Wiener process and p and o are positive constants.
The control functional Z; represents the cumulative amount of dividends paid-out up
to time t. The major requirement on the control process Z = (Z;)¢>o is that it is
nonnegative, nondecreasing and adapted to the filtration. The bankruptcy time 7 is
defined as 7 = inf{t > 0 : X; < 0}. It is assumed that the initial reserve Xy = x is
positive and that P is the liquidation value, i.e. the salvage value of the firm’s assets at
the time of bankruptcy. With A the constant discount rate, the expected total amount
of dividends paid out during the existence of the firm equals

V(z,Z) = E.{ /0 ’ e MdZ;, + Pe™ Y. (2)

We will present explicit formulae for the optimal admissible process Z, i.e. the control
process that maximizes V' (z,Z), for the three cases: the case of bounded dividend
rates, the case of discrete dividend with transaction cost and for the case when the
dividend process is any nonnegative nondecreasing right-continuous process.
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1 Introduction

1.1  Choice of reserve process and structure of dividend
process

Radner and Shepp (1996) [RadShepp] have proposed a model for a firm whose reserve
X, in the absence of dividends evolves as an arithmetic Brownian motion!

dX; = pdt + odW;, (3)

where p and o are positive constants and W; is a standard Wiener process.

!They also showed why geometric Brownian motion is an inappropriate model for the reserve.



The firm’smanager influences the stochastic fluctuations of the company’s reserve
by choosing the timing and the size of dividend payments. The dynamics of the reserve
become

dX, = pdt + odW, — dZ,, (4)

where the process Z = (Z:)i>0 represents the cumulative amount of dividends paid
out up to time ¢. The process Z; is assumed to be nonnegative, nondecreasing and
right-continuous.

First, we consider a dividend process with bounded dividend rates. In other words,
the rate of dividend payments is bounded by a positive constant K. The dividend
process Z; is given by

Zy = Zy+ /Ot u(Xs)ds, (5)

where Zj is an initial dividend payment, which does not exceed the initial reserve Xy =
x, i.e. 0 < Zy < . Moreover u(-) is the bounded dividend rate, 0 < u(-) < K < 0.
The dividend rate v = u(-) and the initial dividend payment Zy = Zy(-) are assumed
to be measurable.

Further, we consider the case when dividend process is given by a multivariate
point process Z; = (13, &)
Zy =Y &GI(T: <t) (6)
i>0
and there is a transaction cost v > 0 associated with every dividend payment.

Finally, we consider the case where Z; is assumed to be any nonnegative non-
decreasing right-continuous functional. This case is the limit for the previous when
K — ooorvy—0.

The processes Z; defined above are called admissible controls.

The firm exists from time zero until the first moment 7, at which the cash reserve
falls down to zero (7 = inf{t : X; < 0}). The moment 7 is called the bankruptcy time.

1.2 The value function

The aim of the manager is to maximize expected total discounted dividends paid out
during the existence of the firm together with the discounted salvage value at the time
of bankruptcy. In other words the value function for our optimization problem is given
by

V(z) = sup Ez{/ e MdZ, + Pe_)‘T}, (7)
0

where the mathematical expectation is taken conditioned on initial reserve x. Here
P = const is the liquidation value, i.e. the salvage value of the firm’s assets at the time



of bankruptcy, the discount A = const > 0 is the positive constant. The supremum is
taken over all admissible processes Z = (Z;)¢>0.

1.3 Objective

Our aim is to find the value function V' (z) and the optimal dividend policy Z (x) given
the initial reserve x.

1.4 Normalization

Without loss of generality, we may and will assume o2 = 1 by changing the time scale
if necessary. This is achieved on replacing (u, A, K) by (u/02,\/o?, K/o?).

1.5 Overview

A survey on the subject may be found in Taksar (1999) [Taksar]. The case of zero
liquidation value P = 0 was solved by Jeanblanc and Shiryaev (1995) [JeanShir]. Here
we present the general solution for the case P > 0.

2 The main result

2.1 The case of bounded dividend rate

Suppose we are given the initial reserve x > 0, liquidation value P, discount rate A > 0,
and an upper bound K on the dividend rate u(-). Let us denote

Mmo= —p+ V2 +21 >0, (8)
ro = p+VE2+21>0, (9)
p = —(K—p)+ (K —p?+2X>0, (10)
K 1
Q= - > (11)
Define the functions ui(-), uz(-) and v(-) on [0, 00) by

u(z) = e ", (12)
(x) — eTll' _ 6—7‘227’ (13)

v(z) = e P*, (14)
w(z) = w(z)uy(x) — uy(z)uz(x), (15)
f@) = f@)= P ) (16)

_l’_
uy(z)  up(x)
The optimal control process in case of a bounded dividend rate is of the ”bang-
bang” type and may be described now as follows.
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Theorem 2.1.1 The value function V.= V(x) and the optimal dividend strategy in
the model for bounded dividend rates are the following.

1) If P > Q then the optimal strategy is to distribute the reserve Xo = x as dividend
immediately, so Zy = x, and hence to liquidate the company. In this case, Xy = 0 for
all t > 0, the value function is V(x) = P + x.

2) If P < Q holds then the optimal instantaneous dividend payment is

_ 0 if r < Z,
Zo(w) = {x—jzf x>,
the optimal dividend rate is given by
. {0# r <,

ifz) = Kif x>,
and the value function is given by

B Puy(z) + Aua(z) if =<7,
Viz) = { Q+z—iif ¢ > i

with ~
1+ roPe 2%

A= - —
r1e"T 4 roe~ 2%

where T is the unique positive solution of f(x) = Q.

This theorem means that whenever the reserve x hits the optimal value
Z, one should start distributing dividends at the maximum possible rate K
until the reserve falls back below Z. This is illustrated in Fig. 2.1.

Note 2.1.1 In the special case P = 0 the statements P < QQ and P > @ are equivalent
to K > \/(2p) and K < X\/(2u) respectively (see lemma 3.1.1). Returning to the orig-
inal parameters these inequalities become K > %2% and K < %2% These inequalities
might have nice economic explanations.

2.2 The case of discrete dividend

Suppose wee are given the initial reserve x > 0, liquidation value P, discount rate
A > 0 and transaction cost v > 0. Let 71, 72, ui(-), ua(-), f(-) be defined as above by
(8), (9), (12), (13), (16) respectively. Also define

Alz) = % (17)
uy ()
dla,x) = uy(x)(A(x) - A(a)). (18)

The following theorem gives the optimal strategy for this case.
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Figure 1: Figure 2.1. An example of the reserve and the dividend payments for the case of
bounded dividend rate; dashed magenta: an uncontrolled trajectory; blue: reserve when the
control is off; green: reserve when the control is on, red: discounted dividends paid.



Theorem 2.2.1 The value function and the optimal dividend strategy in the model
for discrete dividend with transaction cost are the following

e In the case of P < pu/\ and v < “Ymaz the value function V(-) and optimal
dividend process Z(c) = (&;,T;) are given by
— Ifol;thengozl;—d.
— Ifx<l~)thenTO:O, {0:0 and’f}:inf(t>1}_1 s X :l;), éi:I;—d.

and the value function

V(z) = {PU1<x>+A<a)u2<x>, x<b

Va)+zx—a—-, x>0b,

here pair (@, b), where b = b(a) is the unique solution of f:(a) o(a,y) =, where
b(a) is such that A(a) = A(b(a)), b(a) > a.

e In the case of P < p/\ and y > Ymax or in the case of P > u/\ and v > x the
optimal dividend process is

Z(z) = {0, x <zt

r, r>x*

and the value function is given by

V() { Puy(x) + Aug(x), = <z*

x—v+ P, x> x¥,

where x* is the unique solution of equation f(x) = P+ x — 7.

e In the case of P > /X and v < x the optimal strategy is to distribute the reserve
as dividend immediately Z(x) = x and the value function V(x) = P+ x — 7.

This means that whenever the reserve x hits a certain level I;, one should pay b—a
in dividend pushing the value of x instantaneously to the value a if only transaction
costs are reasonable and the liquidation value is not very big.

2.3 The case when the dividend process is any nonneg-
ative nondecreasing right-continuous process

Suppose as before we are given initial reserve x and liquidation value P, but assume
now that the dividend process is any nonnegative, nondecreasing and right-continuous
process. This case can be obtained from the discussed above by allowing the bound
K on the dividend rate to go to infinity, K — oo or by the transaction cost v go to
zero, ¥ — 0. Let ry,ma, ui(+), ua(-), f(-) be defined as above by (8), (9), (12), (13), (16)
respectively. The following theorem presents the optimal strategy for this case.
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Figure 2: Figure 2.2. An example of the reserve and the dividend payments for the case
dashed magenta: an uncontrolled trajectory;

of discrete dividend with transaction cost;
blue: reserve when the control is off; green: reserve when the control is on, red: discounted

dividends paid.



Theorem 2.3.1 The value function V.= V(x) and the optimal dividend strategy for
the case when the dividend process is any nonnegative nondecreasing right-continuous
process are the following.

o If P > & then the optimal strategy will be to distribute the reserve Xog = x as
dividends immediately, so Zy = x, and hence to go bankrupt at the start, so
X; =0 for all t > 0. This strategy yields the value function V(z) = P + x.

o [fP< % then the optimal dividend strategy is the following

a) In case of x > T dividend Zy(x) = x — T should be paid.

b) Whenever x = T occurs, the process of dividend payments L = (Et)tzo and
the reserve process X = (X;)i>0 are the solutions of a SDE with reflection
X, =x+ ut + Wy — f/t, where L = (f/t)tzo s a continuous nondecreasing
and adapted process with Ly = 0 such that Ly = fot I(Xs=2z)dLs.

The value function is given by

with ~
14 roPe 2%

A= _ .
r1e"% 4 e~ 2%

(19)

where T 1is the positive solution of equation f(x) = /.

This means? that whenever the reserve z hits a certain value z from
below one should start distributing the dividends so fast that the reserve
reflects at . The dividends come from the local time spent by the reserve
at z.

3 Obtaining a solution in the case of bounded
dividend rate

In the case of a bounded dividend rate the reserve of the company is given by
¢
Xi=(x—2Zy) + / (b —u(Xs))ds + W, (20)
0

where Zj is an initial dividend payment, x is the initial reserve, and u is the dividend
rate.

2remember that this is the limiting case for bounded dividend rate as K — oo and for discrete dividend

with transaction cost as v — 0.



Let P be the liquidation value. We measure optimality of the dividend policy by a
functional of the first dividend lump payment Z; and of the dividend rate u, namely

Vi, uZo) = Zo(@) + Ey_gyml / W(X2)dt + Pe ), (21)

V() = sup Vi(x,u, Zp).
0<u(z)<K,0<Zp(z)<x

It is obvious from (21) that

V()= mas {7+ Vole — Zo(e)), 22)
where
Vo(z) = sup V(z,u,0)= sup E, { e Mu(X;)dt + Pe 7} (23)
0<u<K 0<u<K

with K the bound on the dividend rate.
Therefore we can divide our problem into two subproblems. First we are going to

find Vp(x) and the corresponding optimal control 4(x) assuming Zy = 0. Then we use
(22) to solve the problem for Zy > 0 and find V(z).

3.1 Step 1: No initial dividend payment, Z; =0
3.1.1 Stochastic control verification properties

Suppose the manager is not allowed to pay an initial dividend payment at time zero
and uses dividend strategy u = u(-). Let Vy(z,u) be the expected total discounted
dividend corresponding to the manager’s strategy added together with the discounted
liquidation value received upon bankruptcy

Vo(z,u) =V (z,u,0) = E, (/ e Mu(X,)ds + Pe_)‘T) .
0

Assume we find a value function Vj = Vp(-) and a strategy @ = u(-) that we
think could be optimal. To prove that the strategy & = 4(-) and the value function
Vo = Vo(+) are optimal, it is enough to check the standard stochastic control verification
properties:

(A) For any admissible control u = u(-)
Vo(z,u) < Vp(x), for all z > 0. (24)
(B) The control @ = u(-) satisfies
Vo(z,a) = Vp(x), for all z > 0. (25)
We find the optimal control @ and the optimal value function Vj(-) by a dynamic

programming approach. Then we check the conditions described above.
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3.1.2 Derivation of variational inequalities

Here we will show that the verification properties follow from the variational inequal-
ities described below. This means that for proving optimality it is enough to check
these variational inequalities.

Denote by Li, Lo the differential operators

d 1 d? d
Ly=p g o8 N L= —— 2
! Mda;+2dx2 A Lo dx (26)

Assume there exist such a value function Vj(+) and a control @(z) such that the
following variational inequalities hold:

e Bellman inequality. For all admissible controls u
LiVo(x) 4+ u(x)(L2Vo(x) +1) <0, for any = > 0. (27)

e Bellman equation.
LiVo(x) 4+ a(x)(L2Vo(x) + 1) =0, for any = > 0. (28)

Let us show that the verification properties are satisfied for such a V and a(-).
Apply Ito’s formula to (e MVy(Xy))i>0

tAT tAT
e MV (Xinr) = Vo(Xo)+ / e (L1 Vo(Xs) + u(Xs) LaVo(Xs)) ds+ / e VY (X)dW
0 0

Taking the mathematical expectation E, with respect to Xy = = and using Bell-
man’s inequality (27) we obtain
tAT

Vo) = BaeVo(Xinr) — By / e (L1 Vo(Xa) + u(Xs) LaVo(Xs)] ds
0

tAT
-E, / e VY (X,)d W,
0
tAT tAT
> Epe MV (Xinr) + Ey / e Mu(X,)ds — B, / e MV (X,)dWs. (29)
0 0

The last stochastic integral in (29) is a martingale. Therefore its mathematical
expectation is equal to zero. Also letting t — oo we obtain

Vo(z) > B Pe ™ + Ex/ e Mu(Xy)ds = Vo(x, u).
0

It is obvious that property (A) is satisfied. Property (B) can be checked in the
same way but instead of the Bellman inequality we use the Bellman equation (28).

11



3.1.3 Free boundary problem

It is clear from the variational inequalities (27) and (28) that the optimal control (-)
depends on the sign of LaVp(+) + 1 in the following way

i) = {0 LaWh@)+1<0
YT O\ Kif LeVplz) +1 > 0.

When Ly Vp(z)+1 = 0 the optimal control switches. A point Z such that LaVp(Z)+
1 =0 is called a switching point.
We may conjecture that

LoVo(z)+1 < 0ifz<7
LoVo(z)+1 > 0ifz>7 (30)
LoVo(F)+1 = 0ifz =2,

For our purposes it is enough to assume (30) to be true, to find an explicit form for
Vo(+) and Z and then simply to check (30). This is enough to prove optimality, as
it implies that the variational inequalities, and hence the verification properties are
satisfied.

In any case, we conjecture the optimal dividend rate to be

u(x) =

{ Oife <z (31)

Kifx>12.

The implication of (31) allow us to can convert the Bellman equation into a free
boundary problem. Adding the initial condition® V(0) = P we are looking for the
value function Vp(z) = sup V(z,u,0) as a continuous and bounded solution of the
following Stephan problem with free boundary Z:

LV 0, z <z, (32)

LiVo+ (LeVo+ DK = 0, > 7, (33)
Wwo) = P (initial condition), (34)

LoVo(Z)+1 = 0 (switching condition). (35)

3If the firm is bankrupt from the beginning, it gains only the liquidation value P.

12



3.1.4 The value function as a solution of the free boundary problem

In this and the next sections we shall solve the free boundary problem (32)—(35). Recall
the notation (8)—(14)

o= —p+ V422> 0,
ry = p+\p?+2X2>0,
= —(K—p)+ V(K —p)?+21>0,

p
o - K1
Ap
up(z) = e "%,
UQ(ZL‘) — erlx_e—mx’
v(z) = e P~

First we solve equation (32) under the initial condition (34). Thus, Vp(z) can be

represented for x < 7 as
Vo(z) = Puy(x) + Auz(z), (36)

where A is a constant.
Secondly, we solve equation (33) choosing a bounded solution. Thus V{ can be

represented for x > ¥ as

Vo(z) = Bo() + (37)

A Y
where B is a constant.
Let us now represent the constants A and B as functions of the switching point z.
Applying the switching condition (35) we have
1 = V(@) = Bu'(2),
1 = Puj(3)+ Auh(T).

And hence
B = ! (38)
o)
1= Pu)i(z)
A = A I (39)

Recall now that we want Vj(z) to be continuous. Therefore, pasting together the
two pieces of Vy(z) for z < Z and x > Z we obtain at Z

1 ) v K
P — —p-t = — 4+ —. 40
up + <u,2 ul2>UQ 1)'+ h ( )

13



Note that v(Z)/v'(Z) = —1/p. Thus we obtain

2(Z) _
Ty “

e

w(Z)

P

~—

where w(x) = uy (x)uh(x) — v (x)uz(z) is the Wronskian of uy and us.

3.1.5 Existence of free boundary 7

Recall now that expression (41) for Z has been obtained under the assumption & > 0.
Therefore, we have to find conditions for this to be true. Let us look for restrictions
on K and P (or, in the notation of (41), on @ and P) for the existence of Z > 0 such
that (41) holds. We shall need several lemmas. First consider the behaviour of @ as a
function of the bound K, see Fig.3.1.5.

Lemma 3.1.1 Viewed as a function of K, the expression Q defined by (11) is strictly
increasing. Moreover, we have

Q) = —i<o, (42)
T2

Q4o0) = >0, (43)

QG = o (14)

PROOF. It is easy to see that Q'(K) = 1/A + {(\V/(K —p)>+2\ — (K —
)/ (K — )2 4+ 2A} 1 is positive. The equations (42) — (44) follow by direct compu-
tation. A

14



M2

Recall (@) ()
w(x us(x
=P . 4
0=+ g )
Or in terms of exponentials
(ri1—ro)x T __ ,—ToT
fla) = (ri+mra)e e e (46)

r1eT1T 4 roe 2T pielT 4 poe 2T’
Now we can formulate a lemma which gives a simple condition for existence of a
switching point.

Lemma 3.1.2 (When does a switching point exist?) The equation f(x) = Q has a
solution x > 0 iff P < @ holds.

PROOF. The proof is straightforward after we study the behaviour of f = f(x) ( see
section 6.2 and fig. 6.2).

e Suppose P < (). By lemma 3.1.1 and results from section 6.2 we have

B B T2—T1 i_
f(O)_P<Q<)\— o <r1—f(oo).

Therefore f(z) = P has a unique positive solution when P < Q.

e Suppose P > Q. Again, from section 6.2 we see that for every x > 0 f(z) > P >
Q. Therefore there is no solutions to f(z) = Q.A

15



3.1.6 The value function if a free boundary does not exist

Now we know the conjectured solution? if P < Q. But what happens if P > Q? By
common sense one should put 3 & = K and Vp(x) = % +Ce™P* where C is a constant.
Applying the initial condition V5(0) = P we get C = P — % Consequently, for z > &
we have

K K
= — _— —pT
Vo(x) 3 + (P 3 > e Pr. (47)
3.1.7 Summing up the results

We are now ready to summarize our results.

Theorem 3.1.1 Let Zy = 0. The value function Vo(-) and the optimal dividend yield
u(-) are the following:

o If P>Q thentu=K and

Vo(z) = % + <P - I;) ().

e I[f P < Q, then the optimal dividend rate is given by

i 0if z<i
ufz) = {Kz’f T > 7,

and
B Puy(z) + Aua(z) if =<z
Vo(z) = { L + Bu(z) if x>z,

where T is the unique root of f(x) = Q. The functions uy(-),uz(-), v(-), f(-) are
given by (12), (18), (14), (16) respectively, and A and B are defined by (39) and
(38) respectively.

3.1.8 Proving optimality

It was shown above that for proving optimality it is enough to check (30). Thus it is
enough to prove the following lemma.

4We still have to check the variational inequalities for it.

STntuitively it is clear that the answer should be : ”If the liquidation value is quite big, then liquidate
the firm as fast as you can to get this salvage value”.
Or looking at f = f(x), one notices that in this case f(x) > P > Q. It means that there is no switching
boundary, therefore we should distribute dividend immediately.

16



Lemma 3.1.3 With & defined as the root of equation f(z) = Q, the value function
Vo(+) given in theorem 3.1.1 satisfies (30), i.e.

LoVo(x) +1<0, x < 7
LoVo(z)+1>0, x > 2
LoVo(z) +1=0, z = 7.

PROOF.

e Suppose P < ). Then for x > T we have

v () (-7
L 1=1— —1— e Pl-T) 5
2Vo(z) + (@) e >0

Note, that Z, Z, as they are the solutions of f(z) = @ and f(x) = /A respectively
and f(z) is an increasing function for z < . Then by results form section 6.4
we have for 0 <z < %

LoVo(z) +1 =1 — Puf(z) — A(@)ub(z) = (T, ) < 0.

e Suppose P > (). Then

K
Lg%(a:)—i—l:p(P—)\)epx—i—lZl—epzzO, x>0,

since the statement P > @) is equivalent to p (P — %) > —1 by definition of Q.
A

Corollary 3.1.1 For P < Q we have

Vi(z)>1, v <7
Vo(z) <1, x> 7
‘/O,(:E):la T =z,

and for P > Q we have Vj(z) < 1.

3.2 Step 2: Initial dividend payment 7, # 0

Assume the manager is allowed to pay an initial dividend payment Zy > 0 at time
zero . Then by (22) we have

V(z) = oglz%}éx{zo + Vo(z — Zo)}, (48)

Write y = x — Zp and ¢(y) = z — y + Vo(y). In order to determine V (z) in (48) we
have to maximize ¢(y) over 0 <y < z. Since ¥'(y) = Vj(y) —1 < 0 unless P < Q and

17



x < Z (by Corollary 3.1.1), the maximum of ¥ is attained in z if P < @, and in 0 if
P > Q. Hence returning to the previous notation we obtain
1. For P < Q and = < & we have Zy =0, V(z) = V().
2. For P<Qand X >7wehave Zp=x—2, V() =W@)+2-7T=Q+z— %
3. For P > @ we have Zy =z, V(x) = Vp(0) + = = P + x.
Collecting all results, we see that we have proved Theorem 2.1.1.

4 Obtaining a solution in the case of discrete
dividend with transaction cost.

In the case of discrete dividend with transaction cost the dividend payments are rep-
resented by ex-dividend times 0 = Ty < 11 < ... and by amounts of dividend payments
£0,&1,... . A dividend policy (control) is denoted by 7 = (T3, &;)i>0. Dividend process
Zy is given by

Zy = &GI(Ti <tAT), (49)

i>0
where 7 is the bankruptcy time 7 = inf{s : X; < 0}.
The reserve of the company is given by

Xe=(x—(Go—) +put+W, =Y (&—7eI(T; <), (50)
i>1
where z is the initial reserve, & are the dividend payments and -~ represents the
transaction cost.
Let P be the liquidation value. We measure optimality of the dividend policy
7 = (T;,&)i>o0 by a functional of the dividend payments & made at times 7; (the
utility function), namely

V(z,m) =E{) e (& —y)I(Ty <t A7)+ Pe T}, (51)
i>0

The value function is the supremum of all utility functions over all admissible
policies 7

V(xz) =supV(x,7) = sup EI{Z e Mi(g —)NI(T; <t AT)+ Pe ). (52)
™ (T3,6:) i>0

To find the optimal strategy and the optimal value function we follow the ap-
proach of Jeanblanc, Shiryaev (1995) [JeanShir] and use stochastic control verification
properties.
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4.1 Stochastic control verification properties again

Assume we find a value function V = V() and a strategy 7 = (&, T;) that we think
could be optimal. To prove that the strategy @ = (é,jl) and the value function
V = V/(-) are optimal, it is enough to check the standard stochastic control wverification
properties:

A1 For any admissible control m = (§;,T;)

V(z,m) <V(z), for all z > 0.
B1 The optimal control 7 = (é, T;) satisfies

V(z,7) =V (z), for all z > 0.

We find the optimal control 7 and the optimal value function V() by an analogue
of stochastic dynamic approach. Then we check the conditions described above.

4.2 An analogue of of variational inequalities
Remind the notation

d 1d* d

Here we will show that the verification properties follow from the variational inequal-
ities described below. This means that for proving optimality it is enough to check
those variational inequalities

I For all admissible controls = = (T3, ;)

a) L1V(x) <0,

b) f))((TT:_(l + LoV (u))du < v, where & = X7,_ — X,
for all x > 0.

II For control 7 = (T}, &)

a) LiV(z)=0o0or7=0

b) f;((TT;_(l + LoV (u))du = v, where & = X5 — X5,
for all x > 0.

Let us show that the verification properties are satisfied for such V and 7.
Apply Ito’s formula to (e MV (X))o

19



tAT

e NIV (X iy ) = V(Xo) +/ (—Ae ™V (Xy))ds
0
tAT 1 [inT
+/ G_ASV/(Xs)dXs“" 2/ e_)\sV//(Xs)dS
0
+ D e M {V(X) - V(

0<s<tAT

0
Xo ) — AX V(X))

tAT tAT
= V(Xo) + / e MLV (X,)ds + / e MV (X)dW,
0

0
+> e NNV (Xy,) - V(X))
i>0
(AXr=-&) V(X0)+/e_>‘SL1V(X5)ds
0

tAT
+ / e MVI(X)dW, + Y e Mg — 4}
0 i>0

+ 37BNV (Xg) — V(X ) — (AXg, + 7))

i>0
Taking the mathematical expectation E, with respect to Xg = & we obtain

tAT
V(z) = EueM"V(Xip) — E, / eV (X,)dW,
0
tAT

+EAD) e Mg — )} — By /O e MLV (Xs)ds (54)

i>0

~EBAY V(X)) - V(X)) - (AXr + (T < tAT))
i>0

The stochastic integral in (54) is a martingale. Therefore its mathematical expec-
tation is equal to zero. Also letting ¢ — oo and assuming V' (z) bounded, we obtain
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Ve) = B+ Y e Mg ) E, / MLV (X,)ds

>0
=Y THV(Xn) = V(Xpio) = (AXg, + )T < 7))
>0

= V(x,ﬁ)—Ex/ e MLV (X,)ds
0

_ Ze’AT"{V(XTi) — V(X)) = (AXp, +9)H(T; < 1))
>0

— V(z,m) — E;E/T “MLLIV(X,)ds

~Y e {/ 1+ LoV(w)]du — 1} I(T; < 7)
>0

(4.2),(4.2)
> V(z, ).

It is obvious that property (A1) is satisfied. Property (B1) can be checked in the
same way using (4.2), (4.2).

4.3 Free boundary problem

Looking at the variational inequalities (4.2), (4.2) and (4.2),(4.2) it is natural to pro-
pose the following strategy as the optimal control

Take two boundaries a < b. If the initial value Xy > b pay dividends Xo—a.
Then pay dividends b — a as soon as process X; reaches b.

In other words we think that the following control m = (7}, &;) could be optimal

& = 0 if Xo<b
o= Xo—aif Xo>b

T, = inf{t>T,_1:X,— =b}, (55)
XTi = a,
51' = _AXTi = b — Q.

The implication of (56) allow us to convert variational inequalities I, IT from section
4.2 into a free boundaries problem. Adding the initial condition ¢ V(0) = P we are
looking for value function V(z) = sup V(z,7) as a continuous and bounded solution

61f the firm is bankrupt from the beginning, it gains only the liquidation value P.
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of the following free boundary problem

LiV =0, 2 <b, (56)
/x[l + LoV (u)]du =7, = > b, (57)
VEL(O) =P, (initial condition) (58)

iz“//({g; 11 z 8 } (switching conditions). (59)

4.4 The value function as a solution of the free boundary
problem

In this and the next sections we shall solve the free boundaries problem (56)—(59)
Recall the notation

ro= —p+p?+2X>0,
N 2+ 2) >0,

ro =
ui(x) = e "%
ug(x) = ¥ —e 27,

First we solve the equation (56) under the initial condition (58). Thus, V(z) can
be represented for x < b as

V(x) = Puyi(x) + Aus(z), (60)

where A is a constant. Consequently, we can rewrite (56)—(59) as

Ve = { Ve S s @
Pui(a) + Aub(a) =1, (62)
Pui(b) + Auy(b) = 1. (63)

To solve the free boundary problem we have to find a, b, A which satisfy (61) - (63),
to prove that the solution is unique and to find conditions under which the solution
exists.

4.4.1 The constant A represented as a function of the free boundary.

Let us rewrite constant A as a function of a free boundary by using switching conditions
(62) and (63)7

"See also section 6.3.
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_ / —T2x
Alr) = 1 — Pu(x) _ 1+ Proe (64)

ub(z) 7€M 4 poe 2T

Now, given A = A(z) as a function of free boundary = we can reformulate the
problem (61) - (63):

Let A(z) be defined by (64). Find a,b > 0 such that A(a) = A(b).
In the following lemma we formulate the conditions under which optimal boundaries

a,b > 0 exist

Lemma 4.4.1 Let A = A(x) be defined by (64). There exist a,b >0, a # b such that
Aa) = A(b) iff P < pu/A.

PROOF.

Step 1 It can be easily seen that A(x) defined by (64) is a continuous function of . Then
there exist a,b > 0 such that A(a) = A(b) iff A(z) has a positive extremum.

Step 2 Here we will see that A(z) has an extremum iff P < p/A. Indeed, from lemma
6.1.1 A(z) has an extremum at Z iff Z satisfies f(z) = &, where f(z) is defined
by (45). This equation has a positive solution iff P < p/A. (The latter statement
can be proved exactly in the same way as lemma 3.1.2). A

The behaviour of A = A(z) as a function of z when P < p/\ is shown on Fig. 4.4.1. We
denoted by by,qy the b that corresponds to a = 0: A(bpez) = A(0) = (14+Pr1)/(ri+7r2).
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A as a function of a free boundary, if P < /A
T T T T

L . i
# o
<L %
%
a —m X - b -~
" « ! " [ !
% * % *
0 X

Figure 4.4.1. The graph of A=A(x).

To summarize we conclude

o If P > 1/, then there is no switching boundaries.

o If P < p/), then to each lower boundary a, 0 < a < Z, uniquely corre-
sponds an upper boundary b = b(a) such that A(a) = A(b). Therefore
all possible switching boundaries a, b can be received by moving bound-
ary a from 0 to . The corresponding boundary b moves simultaneously
from b,,qz to T.

4.4.2 The optimal solution and its existence.

Our task now is to find the optimal switching boundaries @ and b = b(a) among all
possible switching boundaries a, b(a) from section 4.4.1.
It can be done by studying condition (57) with x = b together with switching
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conditions (59)

[ Nt LV ()de = (65)
L+ LoV(a) = 0, (66)
14+ LoV(b) = 0, (67)

where Ly = —-L and V(2) = Puy(z) + A(a)usz(z).
Denote

Pla,y) = 1+ L2V(y) =1— Puj(y) — Ala)us(y)
= uy(y)(A(y) — A(a)).

Then we can reformulate (65) - (67) as

b
/ (@ y)dy = v, Say) =0, p(b,y) =0. (68)

Denote I'(a) = f:(a) ®(a,y)dy. Note that I'(a) is a continuous function. Moreover
¢(a,y) \,as a /" Z, because A(a) /" asa /' z. Also (b(a) —a) \, as a /" Z. Therefore
we conclude that I'(a) is a decreasing function. It means that starting from a = 0
and continuously increasing a to z, we find uniquely a, b(a) such that (65) - (67) hold.
Of course this holds only if v < Ymaz = I'(0).

’Ymam = F(O) = bmax + P + ((1 _ P,r.l)e—’l”Qbmaz _ (1 + P,,,.2)€T’1bmacc)' (69)

1+ T2

The figure 4.4.2 shows the behaviour of ¢(a,y) as a function of y for different values
of a, 0 < a < z. The dashed area represents v = I'(a). Notice that optimal boundaries
coincide @ = b =  when v = 0. &

8see the case when dividend process is any nonnegative, nondecreasing and right continuous process.
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, — oy NN

Figure 4.4.2. The graph of ¢ = ¢(a,y) for several values of a. The solid line
corresponds to a such that the dashed area equals the transaction cost ~.

4.4.3 Summing up the results.

We have found the strategy we think is optimal in the case when P < u/A ( when
switching boundaries exist )9 and v < Ymaz- Let us formulate a theorem about it

Theorem 4.4.1 In the case of P < /A and v < Yimax the value function V() and
optimal dividend process Z(-) = (&,T;) are given by

° Ifngthenfozg—d.
e Ifr<bthenTy=0,&=0andT;=inf(t >Tj_y : X, =b), & =b—a.
The value function is given by

B Pui(xz) + A(a)uz(x), =
Viz) = { Via)+x—a—nr, x> b,

here @, b are the solution of fab(a) o(a,y) =, where b(a) is such that A(a) = A(b(a)),
b(a) > a.

9see lemma 4.4.1
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4.4.4 Proving optimality

To prove optimality let us check properties I and IT from section 4.2. Here we have

I a) e Supposex < b. Then LiV(x)=0,
e Suppose z > b. We have

LiV(z) = p—AV(z)=A (ﬁ - V(m))

b) Note that @ < . By properties of ¢(a, ) (see section 6.4) we have

/zy(l + LoV (u))du = /xy é(a,u)du < /; b(a,u)du = .

II a) L,V(z) =0 for z <band 7 =0 for z > b.
b) By construction i
b
/ (1+ LoV (w))du = .

A

4.5 The value function if free boundaries do not exist

In the previous section we have found a strategy of impulse control for the case when
transaction cost are not too big (v < Ymaz) and the liquidation value is also sufficiently
small (P < p/X). But what to do in the case of large transaction cost or large
liquidation value? We discuss it in the following sections.

4.5.1 The case of small liquidation value and large transaction cost

In this case the optimal strategy is not to pay any dividend until the reserve reaches
certain level z*, and as soon as it attends it to distribute all the reserve as dividend.

Theorem 4.5.1 In the case of P < pu/\ and v > Ymaz the optimal dividend process
18

0, z<uz*
Z(x) = {a; x> z*

and the value function is given by

B Puy(z) + Aug(z), =z <az*
V@) = { r—vy+P, x>z,

where x* is the solution of equation f(x) = P+ x — 7.
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PRroOOF. To prove optimality let us check properties I and II from section 4.2. Note,
that £* > T by lemma 6.2.1. Here we have

I a) e Supposex <z*. Then L1V (z) =0.
e Suppose x > x*. We have

LiV(z) = p—AV(z)=A\ (% - V(w))

<At ve)
= Af(@) - f(=7)) <0

b) By properties of ¢(x*,x) (see section 6.4) we have

/:(1 + LoV (u))du = /xy d(a*, u)du < /Ox (", u)du =

II a) LiV(z)=0for z <band 7 =0 for z > b.
b) By construction

*

/Ox (14 LoV (u))du = 7.

JAN

4.5.2 The case of large liquidation value

In this case the strategy when you distribute your reserve as soon as you can afford is
optimal.

Theorem 4.5.2 e In the case of P > pu/\ and v < x the optimal strategy is to
distribute the reserve as dividend immediately.

o In the case of P > pu/\ and v > x the optimal dividend process is given by

0, x=<a**
2(x) = {w T >

and the value function is

B Puy(z) + A(x™)ug(z), = <™

where £** is the solution of equation f(x) = P+ x — 7.

Proor. To prove optimality let us check properties I and IT from section 4.2. Here
we have

I a) e Supposex < z*. Then L1V (z) =0,
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e Suppose = > z**. We have

LiV(z) = p—AV(z)=A\ (g - V(:c))

< a(tve)
<AP=V(@™)) = A(f(0) = f(2™)) <0

b) By properties of ¢(x**, x) ( see section 6.4) we have

14 LoV (u))du = “ u)du < “ u)du = .
/m(”(“”“/ﬁ(”” u>u</0 o™, u)du =

IT a) L1V(x) =0 for x < z** and 7 = 0 for x > z™**.

b) By construction

ek

/Ox (1+ LoV (u))du = 7.

A

5 The case when the dividend process is any
nonnegative, nondecreasing, and right continu-
ous process

5.1 The result.

As in Jeanblanc and Shiryaev (1995) [JeanShir|, this case can be considered as limiting
for the case of bounded dividend rate as K — oo and the case of discrete dividend
with transaction cost as v — oo.

Let us remind the theorem that describes the optimal strategy.

Theorem 5.1.1 The value function V- = V(x) and the optimal dividend strategy in
the model when the dividend process is any nonnegative, nondecreasing, and right con-
tinuous process are the following

o I[fP > % holds, then the optimal strategy is to distribute the reserve Xo = x as
dividend immediately, so Zy = x, and hence to liquidate the company at instant
X¢ =0 forallt >0. V(z) =P+ .

o if P <& then

a) if x > & we pay dividend Zy(z) = x — &
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b) if x = T then the process of dividend payments L = (L¢)¢>0 and the reserve
Process X = (Xt)tzo are the solutions of SDE with reflection X; = = +
ut + Wy — L., where L = (Et)tzo 1 a continuous nondecreasing and adapted
process with Ly = 0 such that Ly = fg I(Xs = 7)dLs.

The value function is given by

Puj(z) + Aua(z), z<=
Vie) { x4 b v >
with | Pl (@)
— Puy(z
A_ 1
b o

where T is the solution of f(x) = u/\.

5.2 The proof

Again, as in the case of bounded dividend rate we have to check the verification
properties. This proof is quite standard (see for example [JeanShir]). But we include
this proof for convenience.

Let V(z,Z) be the expected total discounted dividend corresponding to the man-
ager’s strategy added together with the discounted liquidation value received upon
bankruptcy

Ve, Z) =E, < / e NdZ, + Pe”> :
0

To prove that the value function V and dividend policy L are optimal we have to check
the werification properties

(A) For any admissible control Z;, i.e. any nonnegative nondecreasing cadlag process
V(z,Z) <V(x), forall x >0 (71)

(B) The control L satisfies
V(z,L) =V (z). (72)
First let us check the property (B).

Suppose = < .
Let us show that
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where 7 = inf{t > 0 : X; = 0} and the function V() is defined in theorem 2.3.1.
Apply Ito’s formulae to the semimartingale X

7% tAT
AV Xp) = Viz)+ / (—Ae MV (X,))ds + / V'(Xs)e MdX,
0 0
1 tAT _ _
- / eV (X,)ds.
2 Jo
Using the expression X; = x + ut + W; — L; from theorem 2.3.1 we obtain

tAT

tAT
Vi) = e MMIP(F,0) — / e MLV(X,)ds + / e NV(XNdLs  (T4)
0 0
tAT
_/ )\Svl( )dWs,
0

where LV = —AV + uV’ + V. Note that the stochastic integral in (74) is a
martingale and its mathematical expectation is equal to zero. Moreover LV =
by construction. Thus taking into account the switching condition at Z (the smooth
pasting condition) V/(z) = 1, and letting ¢ go to infinity, we obtain the desired equality
(73).

Now suppose = > Z. Then dividend process Z; consists of the initial payment
Zo = x — T and dividends L;

Thus

Viz,Z) =E, / e MdZ, = <az — 7+ E; / e—*SdLs> +E, / e MdL, I(z < ) = V().
0 0

0

Secondly let us check the property (A). By Ito’s formula we get
_ _ tAT B tAT B
eIV (Xpr) = Vi) + / (=Xe ™V (X,))ds + / eV (X, )d X,
0 0

1 tAT _ _ B B
+ Z/e_ASV”(Xs)ds—i— D e MV(X,) - V(Xe) = V(X0 )AX,}
0 0<s<tAT
tAT tAT

— V() - / NV (X, dZ, + / e MLV (X,)ds
0 0

+ /tCeT_’\SV’(XS)dWS%— > e V(X)) - V(Xo) = VI(Xe0)AXL)
0

0<s<tAT
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It follows that

tAT tAT

tAT
V(z) = / e_)‘stS—/ e_As(l—V/(Xs_))dZs—/ e MLV(X,)ds
0 0 0
tAT B
— / e MV (X,)dW,

0
= Y e (V(Xy) - V(X)) = V(X )AX,) (75)

0<s<tAT
+ ef)\(t/\f)‘_/(Xt/\T)
= Il+IQ+I3+I4+I5—|—IG.

Let us study terms of (75)
term2:  Since V'(z) > 1

tAT
I = —/ e (1 = V'(X,))dZs > 0.
0

term3: For x < Z we have LV (z) = 0. And for z > Z

—LV(z) = AV (z) —p > AV (2) — p=—-LV(z) = 0.

termd4: Since V'(z) is bounded, we have
tAT B
E, / e V(X)) dW, =0
0
term5: For o < (8

_ _ _ B _ _
V() - V() = V(D)3 -a) = [ (V') = V(B)dy >0,
since V'(y) is a decreasing function. Thus

Y e (V(Xy) - V(X)) - V(X )AX,) > 0.

0<s<tAT

term6:
lim E.e IV (X0) = Pe™.
—00

This implies that taking mathematical expectation E, of (75) we obtain the prop-
erty (B).

V(z) > Ex{/ e MdZy + Pe N} =V(x, Z).
0

This completes the proof.
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6 Appendix

Recall the notation

o= —p+VE2+2X2>0,
A+ B2 423 >0,

ro =
up(z) = e "%,
’LLQ({L‘) — Nz efrgz’
w(z) = wi(z)uy(x) — ui(z)uz(z),
5 — 1 — Puj(z)
AW =
w(z) | us(z)
1@ = P " g

6.1 Three equivalent ways to find .

By Z we denote the root of equation f(x) = u/\. As it is shown in lemma 3.1.2 such
a root exists if and only if P < £.

Here we present the three equivalent ways to find z. First observe the following
facts

Proposition 6.1.1 The following statements hold
ui ()uy () — u (2)uy(w) = —riraw () (76)
uly = rirous — (re — 1) uh(x) (77)
Proor. Easy to check by direct calculation.
Now we are ready to present the lemma
Lemma 6.1.1 The following statements are equivalent
1 A(x) has the mazimum at .
2 T satisfies f(x) = p/\.
3 T satisfies f'(x) = 1.

8

8l

PROOF.
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1 & 2 To prove it we take the derivative of A(x)

— P (@)uy(z) — (1 — Puj ()i (a)

A= o)
_ P(uy (z)uy(z) — v (z)us(z)) — uj(z)
(uh(2))?
prop.6.1.1 —riraPw(z) — rirqug + (ro — r1)ub(z)
(uy())?
B rirg (ra—r1  Pw(x) + uz(z)
N ub(z) ( 71T ub(x) >

- u’;x) <§ B f(:c)) '

31
fl@) = (Pui(z) + A(@)uz (@)’
= Puy(z) + A'(2)uz(w) + A(z)us(z)
— Pul(e) + A @)ur(a) + 1 Pu(2)
= 1+ A(z)ua(x).
A

Corollary 6.1.1 A'(xz) >0 for x <& and A'(x) <0 for z > Z.

Corollary 6.1.2 f'(z) > 1 forx <Z and f'(z) <1 for z > Z,
F10) = 1.

6.2 The behaviour of f = f(x).

Recall

w(z) | us(z)

up(z)  uh(z)

(Tl + T,Q)e(rl—rz)x T _ o—rax

r1e"1T 4 roe~ 2% r1e"1T 4 roe~ 2%

flz) =

It can be easily checked by direct calculations that
o f(0)=P,
e f(x) is continuous,

L] f(‘l‘OO) = 1/7”1.
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e The closed form expression for the derivative is given by

(7’1 + 7’2)6(“77"2)36 <7‘1 —+ 19

/
=P
f (33) rire (Tlerlz +7a2e—7"2:17)2

The behaviour of f = f(z) is shown by figure 6.2.

f=f(x)

y=P+x 1
— y=1(x)

Y=
y=1.’r1

|
kS

Figure 6.2. Function f = f(x) in the case of reasonable liquidation value
P < u/A

Lemma 6.2.1 Assume P < u/\. Let x5 be a positive solution to f(x) = P 4+ x — .
Then this solution is unique and x5 > T.

Proor. First we prove the lemma for v = 0. From fig. 6.2 we see that for x < &
f(z) grows quicker than P+ z ( f/(0) =1, f'(z) > 1 for x < Z from lemma 6.1.2 ).
As a result we have u/X = f(z) < f(xs) and, consequently, & < zs. Notice, that z
grows as 7 increases. Therefore x5 > Z for any v > 0. The uniqueness of the solution
follows from the fact that f(z) grows slower than P + z for > Z (lemma 6.1.2) and
f(@)>P+z—v A
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6.3 The behaviour of A = A(x).

Recall
1— Pu)(x
A(x) — - 1( )7
us ()
1 rp
A — =2 )
It can be easily checked that
e A(x) is a continuous function
. A(O) = (1 + PTQ)/(T‘I + 7’2).
e Moreover
— In case P < pu/A
A(z) /, z<zT
Alz) N\, =>7T

as consequence of f(z) < u/\ for x < T and f(z) > pu/\ for z > I.

— In case P > u/\
A(x) N\, for x > 0 as

A@) = —— (5 - @) < -

6.4 The behaviour of ¢(a,y).
Denote ¢(s,z) = uhy(x)(A(xz) — A(s)). Then we have
o If P<pu/A
— For any a, b such that 0 < a < Z, b > = and A(a) = A(b) we have

¢(a,z) <0, r<a
{ ¢la,z) >0, a<z<b
¢(a,z) <0, b> x.
as A(x) < A(a) for 0 < x < a, A(z) > A(a) for a < z < b and A(z) < A(b)
for x > b.
— For b > byee (recall that by,., was defined as solution to A(bpaz) = A(0))
we have

¢(by,x) >0, x<b,
o(b,x) <0, x>0,

as A(z) > A(b) for z < b and A(z) < A(D) for x > b.
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e If P> p/A. For any y > 0 we have

é(y,x) >0, 0<z<y,
oy, x) <0, x>y,

as for P > u/X A(x) is a strictly decreasing function.
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